In this paper, the first investigation on free vibration analysis of three-layered nanobeams with the shear effect incorporated in the mid-layer based on the nonlocal theory and both Euler Bernoulli and Timoshenko beams theories is presented. Hamilton's formulation is applied to derive governing equations and edge conditions. In order to solve differential equations of motions and to determine natural frequencies of the proposed three-layered nanobeams with different boundary conditions, the generalized differential quadrature (GDQM) is used. The effect of the nanoscale parameter on the natural frequencies and deflection modes shapes of the three layered-nanobeams is discussed. It appears that the nonlocal effect is important for the natural frequencies of the nanobeams. The results can be pertinent to the design and application of MEMS and NEMS.
Introduction
In the last few years, scientific researchers have been focusing on nanotechnology and the resulting nano-materials which play key roles in many engineering devices at the nano-scale used in several applications including microactuators, microswtiches, biosensors, nanowires, nanoprobes, ultra-thin films and micro-and nano-electromechanical systems (MEMS and NEMS) studied in works of (Hung and Senturia, 1999; Li et al., 2003; Moser and Gijs, 2007; Pei et al., 2004; Najar et al., 2010) . In fact, nano-materials have special mechanical, chemical, electrical, optical and electronic properties. Modeling and analysis of nanostructures including nanobeams, nanofils, carbon and boron-nirtide nanotubes, nanoribbons and nanoplates which are mostly applied MEMS and NEMS, and tracking their mechanical behavior can give truthful and promising results for designing such devices.
Although classical theories of linear and nonlinear vibration of strings and beams at macroscales are well established, the vibration behavior of structures at the nanoscale, which is significantly size dependent, is far from being well understood. In fact, experimental and molecular dynamics simulation results (Bauer et al., 2011) have shown that the small-scale effects in the analysis of mechanical properties of nano-and micro-structures cannot be neglected. Due to being scale-free, the classical continuum theory is unable to accurately detect the static and dynamic mechanical behavior of nano-and micro-structures.
Nonlocal continuum theories of elasticity has found successful applications in nanomechanics including lattice dispersion of elastic waves, wave propagation in composites, dislocation mechanics, fracture mechanics (Peddieson et al., 2003) . Nonlocal theories that have been studied in the literature include Eringen's nonlocal elasticity theory (Eringen, 1972) , modified couple stress theory of Mindlin (1963) , Koiter (1964) , and Toupin (1964) , and the strain gradient theory (Mindlin, 1965; Lam et al., 2003 ). Eringen's nonlocal elasticity can be classified into a differential nonlocal form or an integral nonlocal form. Detailed review of both forms is discussed by Lim (2010) .
Numerous researchers have studied the mechanical behavior of nano-sized structures based on Eringen's nonlocal elastic theory. Analytical solutions for bending, buckling and vibration of beams using the Euler-Bernoulli, Timoshenko, Reddy, and Levinson beam theories have been developed by Reddy (2007) . Analytical study of bending, buckling and vibration response of a Euler-Bernoulli nanobeam was proposed in the work of Thai (2012) . Using a meshless method based on collocation with a radial basis, Roque et al. (2011) studied static bending, buckling and free vibration behavior of a Timoshenko nanobeam. Considering the perturbation method, free vibration, steady-state resonance and stability of a vibrating nanobeam subjected to a variable axial load was studied by Li et al. (2011) . Moreover, the finite element method was used by Eltaher (2013) The choice of a discretization process is indispensable for obtaining the number of resulting ordinary differential equations. Discretized models are time efficient and can be strongly employed to determine dynamics of systems subject to simple excitations with very small displacements about a given equilibrium point (Shkel, 2006) . Finite element lumping of MEMS and NEMS, including complex geometry and using commercial softwares would provide more rigorous results. However, this discretization remains a heavy step in the design procedure, even when using automated size-reduction routines. Furthermore, the dynamic behavior cannot be totally inspected using these models. However, there are other discretization methods, such as the generalized differential quadrature method (GDQM), which approximate the original mechanism by a small number of ordinary differential equations. These techniques preserve the complexity of the system response, due to nonlinearities, in a parameterized model that is well suited for relatively complex geometries. Using this approach, the system dynamics can be precisely modeled using fewer degrees of freedom. This paper makes the first attempt to investigate vibration of three-layered nanobeams incorporating the mid-layer shear effect based on Eringen's nonlocal theory as well as Euler Bernoulli and Timoshenko beam theories. The nonlocal nanobeam model is developed to capture the size effect in three-layered nanostructures. The governing equations and boundary conditions are derived by using Hamilton's principle. The generalized differential quadrature method (GDQM) is employed to discretize the governing equations which are then solved to obtain natural frequencies and mode shapes of three-layered nanobeams with different edge conditions. The influence of the nonlocal parameter on the vibration of the three-layered nanobeams incorporating the mid-layer shear effect are discussed.
Equations of motion and boundary conditions of the nonlocal three-layred nanobeam model
The majority of existing works on nonlocal elasticity are pertaining to the analysis of single nanobeams: nanotubes (Wang et al., 2007; Reddy, 2007; Behera et al., 2014) and nanoribbons (Nazemnezhad et al., 2015) . Though mechanical studies of nanobeams may include buckling and vibration of multiple-walled nanotubes and multilayer nanoribbons, the study of discrete multi-layered nanobeams has not been reported in literature. Based on the above discussion, in this paper an investigation is carried out to illustrate the small-scale effects in the behavior of a three-layered nanobeam incorporating the interlayer shear effect. The studied nanobeam is constructed of a thin elastic layer sandwiched between two identical elastic layers. The following general assumptions are made when developing governing differential equations of motion in free vibration of a three-layered nanobeam and associated boundary conditions:
• The theory of linear elasticity is applied to all displacements and strains.
• Transverse normal strains in the three layers are negligible.
• There is continuity of displacement at the interfaces between the layers. Considering Cartesian coordinate system, Fig. 1 shows a three-layered nanobeam of length L. Each layer has its own geometric properties with a subscript i denoting the layer number (i = 1 for the top layer). Thus each layer has thickness h i , width b i (so that area A i = h i b i ). The system of displacements used is as follows. All three layers have common flexure in the y-direction with the flexural displacement denoted by w. The axial displacement (i.e. displacement in the x-direction) of the mid-plane of each layer is u i (i = 1, 2, 3) which varies linearly through thickness, as shown in Fig. 1 .
Assuming that the cross-section of each layer does not rotate so as to be normal to the common flexure, but it necessarily shears at the central layer, we propose to model the upper and lower layers by considering the Euler-Bernoulli beam formulation, and the central layer behavior is captured using the Timoshenko beam formulation taking into account small-scale effects.
According to the Euler-Bernoulli beam theory, the displacement of an arbitrary point of layer (1) and layer (3) of the three-layered nanobeam along the x and z axes denoted by u xi (x, z, t) and u zi (x, z, t), respectively, are:
where ',' symbolizes differentiation with respect to coordinates and u 1 , w 1 , and u 3 , w 3 are the axial and transverse displacements of an arbitrary point located on the mid-axis of layer (1) and layer (3), respectively, and t is time. It is further assumed for the transverse displacement that (2), the displacement is expressed using the Timoshenko beam theory for the shear effect taken into account
where φ is rotation of the beam cross-section. The strain-displacement equations of the three-layered nanobeam are given as follows
The strain energy U of the three-layered nanobeam resulting from the advent of variation in the stresses with respect to the initial configuration is given by
where
x and Q are the normal resultant force, the bending moment and the transverse shear force for layer (i), respectively. They are obtained from
in which A 1 , A 2 and A 3 are the cross section areas of layer (1), layer (2) and layer (3), respectively. D is the bending rigidity of the three-layered nanobeam. k s is the shear correction factor depending on the shape of the cross section of the beam. The kinetic energy T can be expressed as
where '.' signifies differentiation with respect to time,
, the classical governing equations of the three-layered nanobeam are obtained as follows
Considering a beam-type structure, thicknesses and widths are much smaller than its length. So that, for a beam with transverse motion in the xz-plane, we can assume that the nonlocal behavior is negligible in the thickness direction (Reddy, 2007) . Then, nonlocal constitutive relation (2.3) can be approximated to a one-dimensional form expressed as in the following
where E and G are respectively the elastic modulus and shear modulus of the beam. e 0 a is the scale coefficient revealing the size effect on the response of the structures in the nanosize. e 0 is a material constant, and a and L are the internal and external characteristic lengths of the nanostructures, respectively. µ = e 0 a/L is the nonlocal parameter.
To develop the nonlocal governing equations of motion of the three-layered nanobeam, it is necessary to obtain the nonlocal normal resultant force N x can be written as
Then, the nonlocal governing equations of motion of the three-layered nanobeam can be expressed as
Non-dimensional form of governing equations of motion of the nonlocal three-layred nanobeam model
The non-dimensionalization procedure has important applications in the analysis of differential equations. In this part, all parameters of the governing equations of motion are changed to a dimensionless form in order to facilitate the resolution process. Considering the following dimensionless parameters as Governing equation (2.12) can be rewritten taking into account the dimensionless parameters as
The related edge conditions can also be adjusted in the dimensionless form: -for a clamped-clamped (C-C) three-layred nanobeam
-for a simply supported-simply supported (SS-SS) three-layred nanobeam
-for a clamped-simply supported (C-SS) three-layred nanobeam
x = 0 at ξ = 1 (3.5)
Modal discretization
In this part, a reduced order method is used to analyze the behavior of the three-layered nanobeam incorporating the mid-layer shear effect. The derivative terms, in governing equations Eq. (3.2) and related boundary conditions Eqs. (3.3)-(3.5) are discretized by using the Generalized Differential Quadrature Method (GDQM) in order to determine natural frequencies and deflection mode shapes of the three-layred nanobeam. GDQM's main concept is to consider the derivative of a function at a chosen point as a linear weighted sum of the function values at all of the surrounding sample points in the corresponding domain (Ke and Wang, 2012) . Hence, U 1 , U 2 , U 3 , W , φ * and their k-th derivatives regarding ξ can be expressed as
and
where N is the number of grid points dispersed along the beam axis, the nanobeam deflection at the Chebyshev-Gauss-Lobatto grid points ξ i (Ke and Wang, 2012 ) is given by
The Lagrange interpolation polynomials l m (ξ) are expressed as
and C
(k)
im are the weighting coefficients of the k-th order differentiation, which can be determined by employing a set of recurrence formulae through the following equations
where I x is the N × N identity matrix. Considering U 1 , U 2 , U 3 , W and φ * defined as
consequently, we obtain discretized governing equations of motion expressed as
where X, K and M denote, respectively, the vector of variables, stiffness matrix and mass matrix defined as
ξ . Accordingly, the related edge conditions can be handled in the same way. It follows that for a simply supported-simply supported (SS-SS) three-layred nanobeam incorporating the mid-layer shear effect one obtains
Results and discussion
In the design of nanostructures, many nano-materials have been used such as carbon nanotubes (CNTs) (Behera et al., 2014) and graphene nanoribbons (GNRs) (Nazemnezhad et al., 2014) . The choice of the two nano-materials is based on the superiority of mechanical and electrical properties (Geim, 2009 ). In fact, these nano-materials have an ultrahigh frequency range up to the terahertz order. In this part, we present numerical results of vibration of the clamped-clamped (-C), simply supported-simply supported (SS-SS) and clamped-simply supported (C-SS) three-layred nanobeam. The three-layred nanobeam is made of bilayer Graphene nanoribbon (BLGNR) with the following material properties ρ = 2260 kg m −3 , G = 4.6 GPa and E = 1.06 TPa (Nazemnezhad et al., 2014) and (Hosseini Kordkheili et al., 2013) . The effects of the dimensionless nonlocal parameter µ on vibration frequencies and deflection mode shapes under different boundary conditions are discussed. It is assumed that the length of the nanobeam is L = 14 nm, thicknesses h 1 = h 3 = 0.3 nm, h 2 = 0.1 nm and the shear correction factor k s = 0.563.
Comparison and convergence studies
In this Section, behavior of the three-layered nanobeam incorporating the mid-layer shear effect with different end supports are analysed. Table 1 
The proposed nanobeam vibration analysis
The effect of the scaling parameter µ on the first four natural frequencies ω 1 − ω 4 [THz] of the three layred nanobeam incorporating the mid-layer shear effect for different boundary conditions is presented in Fig. 2 . It should be mentioned that the nonlocal parameter µ = 0 corresponds to classical nanobeams without the nonlocal effect.
It can be clearly noticed that the nonlocal parameter has a marked effect on the natural frequencies of the three layred nanobeam incorporating the mid-layer shear effect for different edge conditions. Indeed, an increase in the nonlocal parameter leads to a decrease in the natural frequencies. This reduction is more manifested when we consider higher vibration modes. The reduction can be explained by the fact that the nonlocal model may be seen as atoms linked by The C-C nanobeam has higher natural frequencies while the SS-SS has lower natural frequencies since the end support is stronger for the C-C nanobeam and weaker for the SS-SS nanobeam.
Sometimes, the knowledge of higher modes is necessary before finalizing the design of an engineering system. Hence, the first four deflections of nonlocal C-C and C-SS of the proposed three-layred nanobeam are shown respectively in Figs. 3 and 4 for different scaling parameters.
It can be noticed that the deflection mode shapes are affected by an increase in the nonlocal parameter. Deflection graphs of nonlocal C-C and C-SS three-layred nanobeams incorporating the mid-layer shear effect are plotted in this study for different scaling effect parameters to be useful for benchmarking. In fact, by understanding the modes of vibration, we can design structures better in accordance with the need.
Conclusion
This paper investigates free vibration of three-layered nanobeams incorporating the mid-layer shear effect based on the nonlocal theory, Euler-Bernoulli and Timoshenko beam theories. The GDQM is employed to obtain natural frequencies and deflection mode shapes of the three-layered nanobeams incorporating the mid-layer shear effect with different end supports. Effects of the scaling parameter on vibration characteristics of the proposed nanobeams model are discussed. The results show that an increase in the nonlocal parameter leads to a decrease in the natural frequencies, and the nonlocal parameter nanobeam has a distinguished effect on the mode shapes for the C-C and C-SS nanobeams, but has a less effect on the mode shapes for the SS-SS of the proposed nanobeam. Numerical solutions presented herein may be useful to design MEMS and NEMS devices.
